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Mode sorting is an essential function for optical systems exploiting the orthogonality of photonic
orbital angular momentum mode space. The familiar log-polar optical transformation provides an
efficient yet simple approach, however with its resolution restricted by a considerable overlap between
adjacent modes resulting from the limited excursion of the phase along one complete circle around
the optical vortex axis that is transformed into a line segment with finite length. We propose and
experimentally verify a new optical transformation that maps spirals instead of closed concentric
circles to parallel lines. As the phase excursion along a spiral in the transverse plane of orbital
angular momentum modes is theoretically unlimited, this new optical transformation separates
vortex modes with superior resolution while maintaining unity efficiency.
Light carrying orbital angular momentum (OAM), also
known as optical vortices, possesses a helical phase struc-
ture in the form of exp(i`θ), where θ is the azimuthal
angle around the beam axis and integer ` is the topologi-
cal charge which translates to OAM of `~ per photon [1].
Either in the form of free space vortex beams or optical
fiber modes, OAM states of light with different topologi-
cal charges are mutually orthogonal and thus constitute
a high-dimensional state space that can be exploited to
boost the information capacity in both classical [2–5] and
quantum communication systems [6–9].
In addition to generating these OAM modes [10–12],
a critical component of every OAM-based photonic in-
formation system is an OAM mode sorter capable of ef-
ficiently (i.e., without losing optical energy) separating
different OAM modes with high resolution (i.e., with no
cross-coupling between the separated modes). A typical
way to achieve mode sorting is based on the projective
measurement, which can be easily implemented with a
hologram [13], but the efficiency is inherently limited to
1/N for sorting N modes, which does not scale well with
the size of the OAM state space. The low-efficiency prob-
lem also exists in OAM sorting based on integrated pho-
tonic devices due to the limited coupling area and com-
plicated fabrication [14]. Alternative approaches includ-
ing interferometric methods [15] (similar design are also
demonstrated for sorting radial modes very recently in
Ref.[16]) and multi-plane light conversion technique [17]
can theoretically achieve unity efficiency, while requiring
cascading multiple optical elements and the quantity of
these elements also increases with the number of sorted
modes, making it difficult and complicated to scale up.
An efficient yet much simpler scheme is based on op-
tical coordinate transformation, which can also achieve
unity efficiency and only requires two phase masks. A
log-polar transformation is well known for OAM mode
sorting [18], in which, log-polar coordinates in the in-
put plane are conformally mapped to Cartesian coordi-
nates in the output plane [19]. The corresponding optical
setup consists of an input phase mask which implements
the transformation, and a phase-correction output mask
which collimates the beam. After propagating through
this system, an input OAM mode with a spiral wave-
front exp(i`θ) is transformed to a tilted plane wavefront
exp(i`x/β), where x is the Cartesian coordinate and β
is a scaling parameter. OAM modes with different `
are hence transformed to plane wavefronts with differ-
ent tilt angles which can be focused to distinct positions
in the focal plane of a lens, allowing them to be de-
tected and processed as separate channels, as illustrated
in Fig. 6(a). Experimental implementation of this scheme
is continuously improved from spatial light modulators
(SLMs) [18] to custom refractive elements [20] and re-
cently to more compact mode sorters with advanced elec-
tron beam-lithography [21] and three-dimensional (3D)
laser printing techniques [22].
However, the simplicity of this OAM sorting principle
based on the log-polar transformation comes at a cost
of an inherent limitation in adequately separating adja-
cent OAM states, which is due to a significant overlap
between their distribution in the output plane. The ori-
gin of this overlap is in the mathematical transformation
itself. For an input OAM mode with topological charge
`, the 2pi` excursion of the phase around a complete cir-
cle in the input plane is transformed to an equal phase
excursion along a line segment in the output plane. After
focusing, the cross-section of the field amplitude profile
in the Fourier plane resembles a sinc function that is
shifted from the center by a wave number proportional
to `. With Fourier analysis, the position of the sinc func-
tion equals k` = `/b while its width is 2/b (defined as the
distance between the two first zeros either side of the cen-
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2tral peak). The peaks of two adjacent OAM modes with
topological charges `, `+1, can therefore be separated by
k`+1 − k` = 1/b, which is only half the width of the sinc
functions, resulting in significant power overlap between
them and thus in limited discrimination resolution giv-
ing rise to cross-talk between the separated channels, as
shown in Fig. 6(a). To alleviate this problem, a beam-
copying technique can be employed, but at the cost of
a more complex optical setup and additional numerical
effort for optimization [23–25].
In this Letter, we take a fundamentally different ap-
proach to overcome the limitations of the log-polar OAM
mode sorting scheme. We propose that spiral transfor-
mations mapping spirals (instead of closed circles) to par-
allel lines could be exploited for OAM mode sorting with
higher modal resolution. As illustrated in Fig. 6, com-
pared to the log-polar method, the spiral transformation
scheme provides naturally an n-fold increase of the phase
excursion along the output wavefront, where the effec-
tive number n of the spiral turns being imaged is limited
only by the beamwidth of the input OAM mode. The ex-
tended output wavefront is then mapped in the Fourier
plane to a sinc function which is also shifted by k` = `/β
but with a narrower width that is inversely proportional
to the number of turns, 2/(nβ) which translates to a sig-
nificantly reduced overlap between adjacent OAM modes.
With this idea, we show in the theoretical analysis that
there could exist different types of spiral transformations.
The simplest analytical transformation among these that
conformally maps logarithmic spirals to parallel lines is
specifically demonstrated, which is also found to gener-
alize the standard log-polar transformation. These theo-
retical predictions are further verified through numerical
simulation and experiment.
In order to obtain the spiral coordinate transformation,
we consider paraxial propagation of a light wave between
an input plane (x, y) and an output plane (u, v) that is
parallel to the input plane and located at the distance d.
The mapping of point (x, y) to point (u, v) is given in the
context of ray optics by the equations
Qx = k
u− x
d
, Qy = k
v − y
d
, (1)
where Q(x, y) is the phase distribution in the input plane
(imposed in practice by a phase mask), Qx and Qy being
its partial derivatives with respect to the corresponding
variables, and k is the free-space wavenumber. We now
introduce the new coordinates (s, θ) in the (x, y) plane
according to the equations
x = r (s, θ) cos θ, y = r (s, θ) sin θ, (2)
where (r, θ) are the polar coordinates of the point (x, y).
The new coordinates (s, θ) can be considered as spiral-
polar coordinates, where the parameter s indicates the
particular spiral that the point (x, y) belongs to and the
polar angle θ determines the position of the point on that
spiral. Playing the role of a position parameter along a
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FIG. 1. Principle of the (a) log-polar transformation scheme,
and (b) the introduced spiral transformation scheme for OAM
mode sorting.
spiral of infinite length, the angle θ varies without restric-
tion in [0,∞), which is already the first difference with
the standard log-polar transformation where the angle is
limited to a [0, 2pi) variation. The shape of the spiral
is determined by the function r (s, θ). For example, an
Archimedean spiral can be expressed as r (s, θ) = s+ aθ
and a logarithmic spiral as r (s, θ) = s · exp(aθ), a > 0.
Now consider the mapping of an input spiral r(s, θ) to
an output straight line, which can be expressed as
u = u (s, θ) , v = v (s) . (3)
These equations imply that the spiral labeled by the vari-
able s can be mapped to a horizontal line in the output
plane (parallel to the u axis) with the position u along
that line generally depending on both s and θ. Spirals
with different parameter s are therefore mapped to par-
allel horizontal lines displaced in the vertical direction
(parallel to the v axis) according to the function v(s).
If the input phase distribution Q(x, y) is to be a twice
continuously differentiable function, we then have Qxy =
Qyx. From Eq. (1), we have uy = vx, and due to Eq. (3)
ussy + uθθy = v
′ (s) sx, (4)
which can be further rewritten in polar coordinates as
[usrθ − uθrs + v′ (s) r] cos θ + [v′ (s) rθ − usr] sin θ = 0.
(5)
This is the general condition imposed on the spiral trans-
formation, which could lead to a number of solutions of
r(s, θ) corresponding to different types of spirals. In the
3following, we are going to impose more restrictions for
simplification and obtain one of the simplest cases for
demonstration. Since Eq. (5) should be satisfied for all
θ along the spiral, the most obvious way to obtain such
an identity is to require that both factors of the trigono-
metric functions equal zero, which can lead to
us = uθ
rsrθ
r2 + r2θ
, v′ (s) = uθ
rsr
r2 + r2θ
. (6)
For a given spiral shape r(s, θ), Eqs. (6) relate the func-
tions v′ (s), us and uθ which have to be solved in order
to yield the image (u, v) of the spiral in the output plane.
However, since there are only two equations, one of the
three unknown functions has to be determined by a sep-
arate requirement. For the OAM mode sorting purpose,
it is desired to map the constant phase gradient along
the azimuth of an input OAM mode, namely exp(i`θ) to
a constant phase gradient along the u direction of the
output mode, namely exp(i`u/β). Hence a linear rela-
tionship between θ and u is assumed, or uθ = β, where
constant β is the scaling parameter mentioned before.
Under this assumption, the fraction about r in the right-
hand side of the second sub equation of Eqs. (6) should
be independent of θ, which obviously leads to a simple so-
lution of a logarithmic spiral r (s, θ) = s · exp(aθ). Equa-
tions (6) can then be integrated to yield
u (s, θ) =
aβ
1 + a2
ln
(
s
r0
)
+βθ, v (s) =
β
1 + a2
ln
(
s
r0
)
,
(7)
where we have arbitrarily chosen that the point θ = 0 of
the spiral with s = r0 (an arbitrary positive constant) is
mapped to (0, 0). The transformation can be rewritten
in the form of polar coordinates (r, θ) in the input plane
u (r, θ) =
β
1 + a2
[
a ln
(
r
r0
)
+ θ
]
v (r, θ) =
β
1 + a2
[
ln
(
r
r0
)
− aθ
] . (8)
It should be noted that the polar angle θ here is not
limited to [0, 2pi) but [0,∞) as mentioned before, which
plays the role of the position parameter of a spiral as
shown in Supplemental Material (SM) [26].
Equation (MS2) describes the simplest spiral transfor-
mation to be specifically demonstrated in this Letter. It
is also interesting to find that this spiral transformation
actually generalizes the standard log-polar mapping from
a mathematical viewpoint. Indeed, by introducing the
complex variables W = v+ iu and Z = x+ iy, Eq. (MS2)
can be written compactly as the conformal mapping be-
tween the Z (input) and W (output) complex planes
W = βeiφ ln
(
Z
r0
)
, (9)
where φ = tan−1 (a). By setting a = 0, we have φ = 0
and Eq. (SM1) reduces to the standard log-polar trans-
formation. Figure 7 depicts this new transformation as
FIG. 2. The spiral transformation (indicated with T ) as a
conformal mapping between the planes (x, y) and (u, v). Blue
lines indicate the spirals (curves of constant s) and red lines
indicate the azimuthal positions (lines of constant θ).
a conformal mapping between the input and output co-
ordinates. A continuous bundle of spirals with s taking
values in an interval [smin, smax] is mapped to a horizon-
tal strip that is slightly deformed (further analysis in SM
[26]). For this continuous bundle of spirals, the maxi-
mum allowed value of the ratio smax/smin is exp (2pia),
which is the extreme case when the last spiral of the
bundle (spiral with s = smax) becomes identical with the
second turn of the first spiral of the bundle (spiral with
s = smin). This condition ensures that the strip formed
by the bundle of spirals covers the entire input plane
without leaving gaps between successive turns and hence
will be employed later, while a smaller ratio is assumed
in Fig. 7 for better illustration.
Having derived the form of a spiral transformation,
the input phase Q(x, y) implementing this transforma-
tion can be obtained based on Eqs. (1) and (MS2) as
Q =
kβ
d (a2 + 1)
[
(ax+ y) ln
(
r
r0
)
+
(x− ay) θ − (ax+ y)
]
− kr
2
2d
. (10)
This is the input phase required to map spirals of the
input plane to parallel lines in the output plane. The
phase of this output mode will contain two terms. The
first term is the linear phase gradient transformed from
the angular phase gradient of the input OAM mode along
the mapped spiral paths, which enables OAM mode sort-
ing in the Fourier plane. The second term is the phase
acquired by wave propagation between the planes (x, y)
and (u, v), which should be compensated with a phase-
correction mask. If P (u, v) is the phase distribution of
this mask, its local gradient at a point (u, v) should can-
4Laser
Polarizer SLM1
SLM2
BS
BS
BS SLM3
Lens
Camera
FIG. 3. Schematic of the optical setup. BS: beam splitter.
cel the slope of the ray arriving at this point, which reads
Pu = k
x− u
d
, Pv = k
y − v
d
. (11)
After substituting (x, y) as functions of (u,v) based on
Eq. (MS2), Eq. (11) can be integrated to obtain
P =
kr0
d
β
1 + a2
exp
(
au+ v
β
)
×
[
sin
(
u− av
β
)
+a cos
(
u− av
β
)]
− k
(
u2 + v2
)
2d
. (12)
To verify our theoretical predictions, numerical sim-
ulation and experiment are implemented to confirm the
performance of the spiral transformation in sorting OAM
modes compared with the log-polar transformation. The
numerical simulation is performed based on the angu-
lar spectrum diffraction theory with Laguerre-Gaussian
beams as the input OAM modes. The parameters in the
transformations are chosen to ensure diffraction within
the paraxial regime. Typical values used are d = 134
mm, 2piβ=2 mm and 2pia = ln(1.6), at a telecommuni-
cation wavelength λ = 1550 nm.
The corresponding experimental setup is shown in
Fig. 8. A laser operating at a wavelength of 1550 nm
emits a collimated Gaussian beam with a spot size of
around 2 mm in diameter, which is horizontally polar-
ized by a polarizer to match the polarization response
of the SLMs. The first SLM (SLM1) is programmed to
produce a vortex beam with the desired beam width and
topological charge. The generated OAM state is subse-
quently reflected on SLM2 which reproduces the phase
distribution Q(x, y) given by Eq. (10) and shown in SM
[26]. This phase mask is termed as the unwrapper and is
responsible for implementing the spiral or log-polar trans-
formation. After propagation for a certain distance, the
beam reflected by SLM2 illuminates SLM3 which imple-
ments the phase distribution P (x, y) given by Eq. (12)
and works as the phase corrector. After it is reflected
(a) 
(b) 
(c) 
(d) 
l=-2 l=-1 l=0 l=1 l=2
FIG. 4. Numerical (a, c) and experimental (b, d) intensity
distributions of the eventually separated vortex beams with
topological charges −2 ≤ l ≤ 2 based on the log-polar (a, b)
and the spiral (c, d) transformation scheme. All images refer
to the focal plane of the lens (Fourier plane) and have the
same spatial scale.
by SLM3, the beam has a strip-shaped transverse profile
and a linear phase gradient transformed from the input
vortex beam. This beam is finally Fourier transformed
at the focal plane of a lens, where it is captured by an
infrared camera. The parameters used in the experiment
are consistent with the simulation.
Figure 4 shows the numerical and experimental results
of the eventually separated OAM modes (−2 ≤ ` ≤ 2)
based on both transformation schemes (the transformed
beams shown in SM [26]), and Fig. 5 depicts the intensity
profiles along a horizontal cut of these separated OAM
modes. As expected for both schemes, OAM modes with
different topological charges are horizontally displaced
from the center by a shift proportional to their topo-
logical charge. The shift is the same in both schemes for
modes with the same topological charge, because both
schemes are designed to share the same scaling param-
eter β (2piβ=2 mm). For a focal distance f = 0.5 m,
the theoretical spacing between adjacent OAM modes is
λf/(2piβ)=387.5 µm which is very close to the experi-
mentally measured value in Fig. 5.
What is, however, most important about the results
is the significant improvement in the separation of the
OAM modes by the spiral transformation compared to
the log-polar one. This is obvious either by comparing
the numerical results of Fig. 5(a) and 5(c) or by com-
paring the experimental results of Fig. 5(b) and 5(d),
where the sinc2 profiles of the separated OAM modes
in the spiral scheme are clearly narrower and less over-
lapping than the corresponding profiles of the log-polar
scheme. The improvement can be quantified by using the
concept of optical finesse which is defined as the ratio of
the spacing between adjacent OAM states over their av-
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FIG. 5. Intensity profiles along a horizontal cut of images
in Fig. 4 for different separated OAM modes. (a) Numerical
and (b) experimental results based on the log-polar transfor-
mation scheme; (c) numerical and (d) experimental results
based on the spiral transformation scheme.
erage full width half maximum (FWHM) [25]. In our
case, this indicator is approximately tripled, from 1.13
for the log-polar scheme to 3.48 for the spiral scheme in
simulation and from 0.95 to 2.60 in experiment, and the
slight difference between numerical and experimental val-
ues results from beam expansion in experiment. It is also
noted that experimental results seem to be affected from
some stray light in the background, which is attributed
to small errors in the 3D alignment of the SLMs, such as
transverse displacement, rotation and distance between
them, leading to imperfect phase correction in the output
plane. Such problems can be overcome if the entire sort-
ing scheme is arranged in a single device that comprises
both the unwrapper and the phase corrector [21, 22].
In summary, we have proposed a novel spiral trans-
formation scheme for high-resolution OAM mode sort-
ing. Theorectically, there exist different types of spiral
transformations, one of which specifically demonstrated
in this Letter maps logarithmic spirals to parallel lines
and it was interesting to find that this particular spi-
ral transformation generalizes the well-known log-polar
transformation. The transformation was derived analyt-
ically starting from first principles and the analysis con-
cluded with the computation of the phase masks required
to implement this conformal mapping. The theoretical
predictions were further verified through numerical sim-
ulation and experiment, with an expected obvious reduc-
tion in the overlap between adjacent sorted OAM modes,
compared to the log-polar transformation scheme.
The new optical transformation scheme demonstrated
in this work widens our views of the mathematical tools
and concepts available toward efficient OAM mode sort-
ing. Further possibilities and more sophisticated trans-
formation schemes might emerge if similar concepts are
sought beyond the regimes of ray optics and paraxial
propagation, as for example in the context of wave optics,
optical transformation media and metamaterials.
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7Supplemental Material
I. FURTHER ANALYSIS ON THE SPIRAL
TRANSFORMATION
Noted that in Eq. (8) of the main text, due to the
dependence of u on s, lines of constant azimuth θ in the
input plane are mapped to lines in the output plane that
are not vertical to the u axis but tilted. Another way
to express this is that spirals with different s values are
mapped to lines that are relatively displaced along the
u axis. As a result, a continuous bundle of spirals with
s taking values in an interval [smin, smax] is mapped to
a horizontal strip that is not exactly rectangular but is
deformed by a horizontal shear stress, as shown in Fig.
2 of the main text. The effect of this stress on the
Fourier transform of the output mode can be deduced
from Eq. (8) in the main text which are combined to give
βθ = u− av. The vortex phase exp(i`θ) is thus mapped
to a plane wavefront with phase exp(i`(u−av)/β) which
reveals the existence of an additional wave vector a`/β
along the direction v. This has the simple consequence
that the focused mode will be centered at the off-axis po-
sition (`/β,−a`/β) in the Fourier plane. This however
does not affect the sorting process since the focused mode
is already extended in the v direction due to the narrow
width of the transformed strip-shaped mode in the same
direction. Furthermore, this vertical displacement in the
Fourier space will be small compared to the horizontal
displacement because a small growth rate (a << 1) is
preferred in practice so that the logarithmic spirals com-
plete several turns within the finite input aperture.
II. SUPPLEMENTAL FIGURES
A. Description of the spiral with polar coordinates
Noted that the polar coordinates (r, θ) used to describe
the spiral and also the phase distributions performing the
corresponding spiral transformation are not standard po-
lar coordinates, in which the polar angle θ is not limited
to [0, 2pi). Instead, it can be written as θ = θ0 + 2mpi,
where θ0 is the standard polar angle and m = 0, 1, ... cor-
responding to the first, second, etc. turns of the spiral, as
illustrated in Fig. S1. The relationship of this polar co-
ordinates (r, θ) and the Cartesian coordinates (x, y) can
be expressed as
r = (x2 + y2)1/2, θ = θ0 + 2mpi, (SM1)
where
θ0 = tan
−1
(y
x
)
∈ [0, 2pi)
m =
⌊
1
2pia
ln
(
r
r0
e−aθ0
)⌋ , (MS2)
where b c stands for the integer part.
B. Phase masks programmed on the SLMs
Figure S2 shows the mod-2pi phase distribution of the
unwrapper and the phase corrector for both the standard
log-polar transformation and the spiral transformation
proposed in this paper, which are depicted according to
the derived analytical expressions of Eqs. (10) and (12) in
the main text. These images are then loaded to the SLM2
and SLM3 in experiment to implement the corresponding
phase modulation.
C. Transformed beams after the log-polar and
spiral transformation
Figure S3 summarizes the numerical and experimen-
tal results for vortex beams with different topological
charges being transformed by the log-polar [Figs. S3(a)
and S3(b)] and the spiral [Figs. S3(c) and S3(d)] trans-
formation principle. Note that, in the standard log-polar
scheme, the input OAM modes are transformed to rect-
angular stripes of limited length 2piβ=2 mm, according
to our selection for the scaling parameter β. On the
contrary, in the spiral transformation scheme, the OAM
modes are mapped to significantly longer lines which re-
flects the number of the spiral turns (about three turns
on average in this case) being mapped within the trans-
verse extent of the power distribution of the input vortex
mode. The agreement of the experimental results with
the numerical simulations, as far as the shape and the
length of the transformed images, is very satisfactory.
These tripled elongated transformed beams based on the
spiral transformation compared to the log-polar transfor-
mation result in narrower intensity profiles after focusing
as presented in Fig. 4 and Fig. 5 of the main text, which
is quantitatively characterized by the optical finesse with
approximately three times improvement.
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Fig. S1. Schematic of a spiral described by the polar coordinates.
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FIG. 7. *
Fig. S2. Phase masks programmed on the SLM2 and SLM3 corresponding to the unwrapper (left column) and the phase
corrector (right column) for the log-polar (row a) and the spiral (row b) transformation scheme. All images use the same scale.
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FIG. 8. *
Fig. S3. Numerical (a, c) and experimental (b, d) intensity distributions of vortex beams with topological charges −2 ≤ l ≤ 2
transformed by the log-polar (a, b) and the spiral (c, d) transformation scheme. All images refer to the plane just after (or
just before) the phase corrector (SLM3) and have the same spatial scale.
